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Abstract 

We investigate drag force in a thermal plasma of N=4 super Yang-Mills theory via both 
fundamental and Dirichlet strings under the influence of non-zero NSNS £?-ficld background. In 
the description of AdS/CFT correspondence the endpoint of these strings correspondes to an 
external monopole or quark moving with a constant electromagnetic field. We demonstrate how 
the configuration of string tail as well as the drag force obtains corrections in this background. 
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1 Introduction 



At the experiments of Relativistic Heavy Ion Collision (RHIC), collisions of gold nuclei at 200 GeV 
per nucleon are about to produce a strongly-coupled quark-gluon plasma (QGP), which behaves 
like a nearly ideal fluid jl]. While the perturbative calculation can not be fully trusted in this 
strongly-coupled regime, there are increasing amount of interests in calculation of hydro dynamical 
transport quantities via the use of AdS/CFT correspondence It is hoped that this line of 
research will eventually make contact with experiment result from RHIC. As it was first proposed 
[I], the large N limit of J\f = 4 super Yang-Mills field theories in four dimensions include in their 
Hilbert space a sector describing supergravity on the AdS§ x S 5 background. The curvature of the 
sphere and the AdS space in units of \foH is proportional to 1/ y/~N, therefore the solutions can be 
trusted as long as N is large. In this paper, we are interesting in probing this strongly-coupled 
QGP by some theoretically possible particles, in particular a heavy quark or a heavy monopole. 
This corresponds respectively to dragging an attached fundamental or Dirichlet string tail cross 
the whole AdS bulk. Finite temperature configurations in the decoupled field theory correspond to 
black hole configurations in AdS spacetimes. In particular, there is a linear relation between the size 
of horizon and Hawking temperature for large AdS black holes. It is suggested by the holographic 
principle that properties of this strong interaction for probe particles with a hot plasma of gluons 
and quarks are in part or fully reflected on the dual gravitational background. Apart from the 
vacuum AdS, or correspondingly super conformal field theory on the boundary, introduction of 
black hole is hoped to better describe a realistic QCD model on the dual field theory side, though 
the correspondence is so far not fully satisfied yet. 

A probe particle can be prepared by separating a pair of particle-antiparticle in the deconfine- 
ment phase to far distance, then it is enough to consider just one single particle with a string tail 
all the way up to the black hole horizon. Description of the other particle in the same pair is just 
a mirror to this. Energy put to this single particle, if any, must either alter the kinetic energy, 
or dissipated into the surrounding plasma via strong interaction. In particular the latter can be 
holographically described as dissipated energy being dumped into the black hole via the string 
energy-momentum current. 

Energy loss of a heavy quark moving through J\f = 4 super Yang- Mills thermal plasma has been 
extensively studied recently 0- In particular, the drag force is derived in the context of AdS/CFT 
to model the effective viscous interaction [HI Ej , later it is generalized to a rotational black hole or 
couple to dilaton field [HI El QUI • Recently drag force of a comoving quark-antiquark pair is also 
considered in . 

In this note, we investigate the drag force via both fundamental and Dirichlet strings under 
the influence of non-zero NSNS i?-field background. It may be interpreted as an constant elec- 
tromagnetic field on the D3-brane. We expect that it also sheds some light to real QGP under 
an external electromagnetic field. From the viewpoint of string theory, B-field is the gauge field 
to which a string can couple. However it is not clear how does it affects the movement of string 
endpoint on the AdS boundary, because it couples to Fl and Dl strings in a different way. This 
paper is organized as follows. In section 2 we calculate the drag force of an external monopole 
moving in a thermal plasma with constant electromagnetic field in the M = 4 super Yang-Mills 
theory. In section 3 we consider an external quark in a noncommutative super Yang-Mills theory 
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at finite temperature. In section 4, we give a summary and discussion. 



2 Heavy monopole probe in QGP 

In this section, we consider a monopole which moves in constant speed, and introduce a constant 
B-field of either electric-type E or magnetic-type H along the x 1 and x 2 direction. Because only the 
field strength is involved in equations of motion, our ansatz is still a good solution to supergravity. 
For the dual field theory, this is the minimal setup to investigate on the B-field correction. A simple 
relevant geometry is a AdSs Schwarzschild black hole with constant B-field, 

ds 2 = H~ l ' 2 (-hdt 2 + dx\ + dx 2 + dx 2 ) + H^r 1 ^, 

B = Edt A dxi + Hdxi A dx 2 , 
r 4 L 4 

h = i -i£> n = ^ c 1 ) 

where the AdS radius as well as S 5 is given by L 2 = y/\a', and the horizon is at r = rn, which 
is related to temperature by T = vh/ttL 2 for large black hole. We have introduced the NS-NS 
antisymmetric field Bqi = E and B\ 2 = H. These E and B are constants. 

In the AdS/CFT prescription, monopole corresponds to the endpoint of an open D-string in 
the bulk supergravity. We may describe such a string attached to the monopole by 

xi = v-]t + Z,i{r), x 2 = v 2 t + &(,r) (2) 

because we have introduced Bqi and B\ 2 only. We let the string worldsheet (r, a) span along t and r 
directions. For convenience we choose worldsheet coordinates t = t and a = r. As mentioned above, 
this can also be understood as departing a pair of long-distance separated monopole-antimonopole. 
While they depart from each other, drag force is generated due to string tension induced via the 
bulk geometry. 

The Dl string action is described by the DBI action: 

Sdbi = ~ 1 , / drda^ -det(g + b) ah . (3) 
2ira'g s J 

The induced metric g and 6-field on the Dl string worldsheet is given by det(g + = det(G + 
B) IMU d a X tl dbX 1 ' , where a, b = T,a. G,B and g,b respectively denote the spacetime and induced 
worldsheet metric and B-field. That is, 

g TT = -H~ 1/2 h + H- 1/2 \v\ 2 , b TT = 0, 

9ra = 9ar = H~ 1/2 V ■ f, b Ta = -b aT = + Hv X f , 

gaa = n y\-i + 7r y^\^ b(j (j —— o , (4) 

where two vectors on the X\-x 2 plane, velocity v = (v\,v 2 ) and projected direction of string tail 
£' = (£i,£, 2 ), are in generic pointing to different directions, v and £' are are opposite directions 
if the monopole-antimonopole pair are departed from each other, while perpendicular if they are 
parallel transported. In this paper we only consider the former case. 

Therefore the Lagrangian density is given by square root of the following determinant 

C 2 = -det(g + b) = l + ^\ 2 -^- i^lC - (E& + Hv x O 2 - (5) 
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Figure 1: Configuration of string tail v.s. electric B-field (El < E2 < E3) 



2.1 Dragging Monopole in the electric field 

We now consider a monopole moving in a constant speed with constant electric field E = Bq\. To 
study an influence of E, we may choose the moving direction of monopole to be in the x 1 direction. 
In this case, the relevant trajectory of the Dl string is more restricted than in (J2J) and assumed to 
be 

xi=vt + £i(r), x 2 = 0. (6) 



Then 



-det(g + b) = 1 



?r j 2 
ac 



a 



h_ E 2 
H 



(7) 



With the constant conjugate tt^ calculated by ^f, one obtains 



1 - v 2 /h 



airt 



(8) 



The positive sign is chosen for string tail moving behind the quark, i.e. < 0. Then the negative 
itfa can be interpreted as spacetime momentum flow along r-direction on the worldsheet, from the 
boundary to the black hole. We would like to remark that for the case 7r^ 1 > 0, which corresponds 
to momentum flow from black hole to the boundary, there will be > and string is moving 
ahead the quark. This solution is in fact not physical because classically nothing can get out of 
black hole. The reality condition for ^ requires the denominator and numerator have a common 

4 

root at the radius rf, = jz^ji-, which gives rise to 7T? = a(r v ). After substituting back, we obtain 



L 2 r 2 H l-a e E 2 
- r% V 1 - b e E 2 ' 



_ Lr 1 

l>e 4 9 9' 



be = -r- 



0) 



where 7 = (1 — v 2 )- 1 / 2 is the inverse Lorentz contraction factor. The reality condition for £1(7 

— 1/2 

implies a critical value E c = a e for E- field as well as a IR cut-off for r: 



r>r IR = (r% + £ 2 L 4 ) 1/4 , E < E c . 



(10) 



We summarize the result in Figure ^ which shows the configuration of string tail into AdS 

bulk for different strength of E. 
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Figure 2: Elapse time v.s. B-field (El < E2 < E3) 



To calculate the flow of energy dissipated into infrared along the string, we first recall the 
conserved worldsheet current associated with spacetime energy-momentum along Xi is, 



1 



5C 



2-na g s 5d r Xi 



1-kol ' g. 



(11) 



For a particle with momentum p moving in a viscous medium and subject to a driving force /, 
we have 

?=-tf+f, (12) 

where p is the damping rate. At the constant speed in our case, we conclude the drag force is given 
by 

l 



-h = Pi 



2na g s V L 4 



(13) 



The square root shows its nonperturbative nature in the large E limit, however it is also 
interesting to see the linearized result for small E expansion of ()13j) . 



-fx 



1 r 



H 



27ra'g s L 2 



1 



L 4 
2r% 



j-' z v - 2 E 2 + 0(E q 



(14) 



Notice that the correction terms are input as even power of E, thanks to the determinant nature 
of DBI action. As E is switched off, we reproduce the same result as shown in [HJ |7]. It is also 
instructive to rewrite the drag force in terms of gauge theory parameters, i.e. 



-h 



7T 



2g s 



(15) 



On the other hand, we may consider a free monopole without driven force. Then equation 
()12|) gives us the damping rate or equivalently elapse time constant as inverse \x. In the relativity 
limit, we have p\ = ^ymv 1 for monopole mass m. Here we plot (j!3j) in Figure^ to show that the 
elapse time constant against different strength of E. For vanishing E, one reproduces the natural 
relaxation time constant 



7T 



(16) 



1 Here we use relativistic dispersion relation p — 717111 without thermal correction. This correction is expanded by 
Am(r)/m with a function Am(T) HJ. For heavy particle we can ignore it. 
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however, for nonzero E elapse time constant is not a constant. We remark that the appearance of 
g s m implies that the effective mass is the same as quark. Therefore we expect this gives us the 
elapse time constant of the same order as in the Fl string case. 



2.2 Dragging monopole in the magnetic field 

In this case, we consider the trajectory is given by 

Xl = vt + £i(r), z 2 = &(»"), (17) 

with nonzero H = Byi- Then 

-det(g + b) = 1 - £ + A e ; 2 + fa\ = >LZ* _ H\\ (18) 
The ^ can be obtained by similar calculation as previous section, 

6 -fee*! -0 ' 

( 1 _ ^ A 

'2 9 V M« 



for two conserved quantities 7r^ 1 and 7r^ 2 . Then the reality condition gives 



at the end, we have 



1 

-fl = -« — T2"7 u l ; 

2ira'g s L z 

h = 0. (20) 

Notice that there is no drag force along ^-direction and the Bx2 has no effect on the motion 
along v\ at all. This may surprise us at first glance. However, it could justify the viscous property 
of drag force, which is simply against the movement. Therefore that / 2 = in fact agrees with a 
vanishing V2- 



Here we would like to remark about the case of v _L E which we left in the previous subsection. 
The analysis is similar to the one in this subsection. We find that there are two solutions. First 
solution gives 7Ti = therefore we have no drag force along the moving direction. Second case gives 
7T2 = 0. In this case we have no effect of E. Therefore the situation given in (jHJ) is sufficient to get 
relevant result. 
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3 Heavy quark probe in QGP 



In this section we will calculate the drag force in hot plasma with large external B-field by using 
the gravity description for non-commutative supersymmetric Yang-Mills theory |12| 2 . We consider 
a fundamental string whose endpoints represent a quark and an anti-quark and use the quark as a 
probe in hot non-commutative SYM plasma. The dynamics of the fundamental string is governed 
by Nambu-Goto action 3 

S = J drdasj -det{rf*Pd a X^d p X^G^). (21) 

Here the background metric is deformed by a external B-field, which is given in the string 
frame |12j : 

ds 2 = H~ 1/2 [-hdt 2 + dx\ + kT x {dx\ + dxfj\ + H xl2 hT x dr 2 + L 2 dVt\, 

u4 4 / 

R-R 6r R _ Q 
-D23 — Oqo — , -Doo — -q, 

e 2<t> = glk-\ 

6 r 4 1 d r (r 4 ) 

H=*, h = l- r 4, fc = l + 6V, b 2 = -^, (22) 

where g s and 6 are kept finite under the decoupling zero slope limit. Here g s is the string coupling 
constant, 9 measures the non-commutativity on the D3-brane worldvolume and L 4 /a /2 = Airg s N 
corresponds to the 't Hooft coupling of the non-commutative SYM theory. The background provides 
a supergravity dual description of non-commutative Yang-Mills theory at finite temperature . 



3.1 Dragging quark in non-commutative space 

The magnetic field here points to x 1 -direction, and we have rotational symmetry in the x 2 -x 3 plane, 
thus we set a frame in which a quark moving along the x 2 -direction which is perpendicular to the 
magnetic field. Equivalently we consider a quark moving in the non-commutative plane (x 2 -x 3 
plane) 5 . The string worldsheet can be written 

y(t,r)=vt + ((r). (23) 

Plugging this into the string action (|21j) . we obtain 

S = ( dtdrJ l-tr + JttC' 2 - ( 24 ) 

2tw[_ J V hk Hk^ v ; 

2 Similar calculations on the same background have been done in |13) . but at zero temperature. 

3 The endpoints of string can couple to the B-field through the sigma model action. Here we simply neglect the 
term because the coupling turns out to mealy introduce to the Lorentz force to the end point quark in the case of 
constant field. 

4 This non-commutative theory has an interpretation as the SYM with large and constant B field without non- 
commutativitv[Tl) . However we do not consider such a commutative limit here. 

5 In the case of a quark moving parallel to the magnetic field or perpendicular to the non-commutative plane, the 
calculation is same as in the case of no B-field. 
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One can easily find the string configuration in the r-direction has a derivative: 



, / / * . Hk / hk — v 2 

C[r) = ± —^\ hk-nk^ 



(25) 



C 



where tt^ is the canonical momenta conjugate to £ and is a constant. The reality condition deter- 
mines the constant as 



L 2 1 + 6 4 r 4 



where 



1 



v 26 4 

The drag force is given by this constant as 



(1-v 2 - Frjj) + J(l-v 2 - b*r A H ) 2 + 46 4 r^ 



(26) 



(27) 



h = PI 



2ira 



(28) 



It is interesting to see the behavior in the limit of small and large 6r#, which corresponds to 
the limit of small and large 9 respectively. In the case of small brn, r v can be expanded as 



H 



1-V 2 



1 



(1-V 



2\2 



b^ H +0(6 8 r«,). 



Thus we obtain 



-h 



1 r 



H 



2vra' L 2 y/T 



1 



2 - v 1 



b*r% + 0(b s r 8 H 



2(1 -v 2 ) 2 



(29) 



(30) 



In a non-relativistic approximation which is valid for small velocity, one can assume p = mv and 
the drag force becomes 



2 m 



1 - 7T 4 T 4 \e 2 + 0{9 q 



(31) 



where we have used the relations b 4 rfj = 7r 4 T 4 A# 2 . The relaxation time derived from this becomes 



2m 



v^T 2 



7T 



;i + vr 4 T 4 A0 2 + 0(6> 4 )) , 



(32) 



which shows the non-commutative nature makes the medium less viscous. 

Even in relativistic velocity, equation (|3fl|) is valid if b 4 rjj <C (1 — t> 2 ) 2 . We use relativistic 
dispersion relation p = jmv, then the force behaves as 



-h 



2 m 



1 



7T 



[ T 4 \9' 



2m 4 



■pi + 0(9 4 



(33) 



Dissipation of energy becomes milder than in lower momentum region. The above analysis shows 
that as 9 is turn off the result reduces to the one obtained in |HJ [7j . 
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On the other hand, for large brjj or 9 we have 



4„4 _ ,44 



b*r% 1 + 



b*r% 



+ 0(b~ 8 r 



(34) 



therefore 



1 v 1 

2na' L 2 b A r 2 H 



2 + v 2 
26^ 



H / 



P2 



27r 3 T 2 v / A# 2 m 



1 



7T 4 T 4 A# 2 



+ o (#~ 4 ) 



(35) 



for small velocity. For relativistic velocity and b^rjj 3> (1 — v 2 ) 2 , the first line in large b A rfj 
expansion (|35|) is valid. Using the relativistic dispersion relation then we have 



h 



2tt 3 T 2 V\6 2 



1 



2vr 4 T 4 A0 2 



+ o(p- 



(36) 



In this limit we find constant friction. It is interesting to see the dependence of the 't Hooft coupling 
and temperature is inverted relative to the small non-commutative case. 

A comment concerning to the relation to the ordinary Yang- Mills theory with magnetic field is 
in order. The non-commutative theory on D-brane allows another interpretation as ordinary theory 
with (large) constant electromagnetic field on the D-brane. According to this interpretation, our 
results imply that the constant magnetic field affects thermal plasma to decrease the drag force 
for both large and small velocity. In other words, a large magnetic field may decrease the effective 
viscosity of QGP. 



4 Summary and discussion 

We have investigate the issue on the drag force in thermal SYM with B-field or NCSYM via 
AdS/CFT with appropriate backgrounds. We have used a quark and a monopole as probes to 
measure the drag force in the thermal medium. 

For the monopole probe we have studied the problem with AdSs Schwartzchild black hole 
background with constant B-field and use the DBI action as effective action of Dl brane whose 
endpoint is the monopole to calculate the drag force. We considered separately the two cases in 
which either a constant Bq\ or Byi is turned on. In the case of turning on Bqi, we evaluate the 
drag force in the x 1 direction by taking the monopole moving along this direction, whereas in the 
B\2 case the motion of the monopole is perpendicular to the magnetic force, and we allow the drag 
force span in both x 1 and x 2 directions. We found for electric case the effects of the B-field reduce 
the drag force regardless of its sign. This suggests turning on electric B-field effectively weakens 
the viscosity of the medium to a monopole. To our surprise, the magnetic B-field do not have any 
effect on the drag force of a monopole, which somehow reveals its nature of viscous force. 

For the quark probe we use Nambu-Goto action describing a fundamental string, whose endpoint 
is the quark, with the background containing the effect of constant B-field which results in the non- 
commutative super Yang-Mills theory or ordinary SYM theory with constant field strength on the 
boundary. We have studied 6 and 6~ l expansions of the drag force of quark probe with small and 
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large velocity. Again, the result implies that the effect of the constant B-field or non-commutativity 
makes the medium less viscous. 

Thus we suggest that static magnetic field may decrease the effective viscosity of QGP to a 
quark. The natural guess is that even in the situation of real QCD a constant magnetic field makes 
thermal plasma less viscous. 

We leave several problems as future works. One of them is introducing Bqi in Maldacena-Russo 
blakc hole background to investigate the effect of static electric field. Such a background is already 
known as the supergravity dual of non-commutative open string (NCOS) theory. The metric is 
given by ^H] 

= f-y*G(-hdt 2 + dx\) + r 1,2 (dx 2 2 + dxh + -LfV^h-W + rW), 
a a! 1 

t 4 fp4i ~,4 

/ = i + t> G = ^rrJ- 1 > h = i--%. (37) 

where the factor G represents the effect of Bq\. We can easily calculate the drag force with ansazt: 
x 1 = v t + £(r) and obtain 

- h = -U l + Thr^ T » )ix w^ [i,Th?v ~ x - (38) 

The effect of electric field introduce a square root factor + j^j(ttTh)^X thus increases drag 
force. This is contrast to the case of magnetic field where drag force decreases. The quark moving 
in hot NCOS which is not a field theory. It is interesting to identify the medium to be described 
by NCOS. 

At last, It remains to study the monopole case by considering DBI action with Maldacena-Russo 
background. To estimate jet-quenching parameters in the setup investigated in the present paper 
may also be an interesting problem as well. 
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